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Abstract: Null space arguments are used to derive feasible structures for integration formulas on the surface of the 
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1. Introduction 
Let US denote the surface of the s-dimensional sphere in Cartesian coordinates x = 
( Xl,X?;, . . . 7 xJ. Thus 
US = {X 1 x E R”, x; + x; + . - . + x,’ = l} . 
We are interested in constructing rules for approximating integrals of the form 
m-> =1. f(4 da 
s 
(1.1) 
where da is an element of surface on US. Integrals of this type have been discussed by many 
authors. Techniques for approximating them are proposed in [12,13,16,17,18,19], and in [1,2] 
applications of the formulas to problems in partial differential equations are described. In [14], 
such formulas are applied to the calculation of the topological degree of mappings. 
In [6] a technique was developed to enable one to determine the structure of formulas of a 
special type, described as fully symmetric. Consistency constraints on the types of parameters 
to appear in the rules were obtained, from which optimum (minimum point) structures could 
be derived. This left the problem of solving certain non-linear moment equations to obtain the 
formulas. 
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In this paper we shall describe the structures of fully symmetric formulas for U,, of degrees 
3 to 17, for s = 3, degrees 3 to 17 for s = 4, and of degrees 3 to 9 for general s. The formulas 
for s = 3 are the same as those of Lebedev [8]. In Section 2 we summarize briefly the 
development of consistency constraints and these constraints are stated explicitly for s = 3, and 
s = 4. The optimum structures are obtained and the points and weights of the formulas are 
computed, in Section 3. In Section 4 some special rules in arbitrary dimension are described, 
of degree 9. The formulas are listed in closed form, or in tabular form in Appendix A. Finally, 
in Section 5, some results on the structures of simplex rules are given. 
2. The structure constraints 
The formulas we consider for the approximation of (1.1) will be fully symmetric. 
Definition 2.1. A quadrature formula of the form 
is said to be fully symmetric if, whenever a = (a,, a2, . . . , a,) occurs in the formula so does 
a(a) = (*a,,, 5zU*, . . . ) *a ‘i) for all permutations u of (1,2, . . . , s) and for all choices of 
signs. In addition all points m this symmetric set are given the same weight in (2.1). 
Definition 2.2. If a is a non-negative vector then the expression %!(u)f is defined by 
where the sum is over all permutations CT, and all choices of signs which give distinct points. 
We call %(a) a basic rule operator (Lyness [9]). 
We can now express a fully symmetric formula in the following simple way. If Q is a fully 
symmetric formula, then there are non-negative vectors ui (called generators) and weights 
wi, such that ui E U, and 
e-2 ~$%(a~). 
i=l 
In order to describe a fully symmetric rule completely, we need the following: 
Definition 2.3. If the generator of .%! is of the form 
(a,, a,, . . . , al7 a27 a27. . . , a2,. . . , sky uk7. . . , uk, 0, 0, . . . ) 0) 
where each aj > 0 and is repeated ni times, and the ai for i = 1,2, . . . , k are distinct, then we 
say .%! is of class [n,, n2, . . . , n,] = [n]. 
Definition 2.4. The zero index of a class [n] (= [n, , n2, . . . , n,]) basic rule is given by 
a,(n)=n,+n,+***+n,. 
We shall always assume here that a,(n) < s, and that all generators a E U,. 
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Lemma 2.1. The number of function evaluations 
[ nl, n2,. . . , n,] is given by 
s!2 q(n) 
drill = n I, 1. 
1’ 2’ 
* - n,!(s - a,(n))! ’ 
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associated with a rule of class [n] = 
(2.2) 
Definition 2.5. A fully symmetric formula Q(f) to approximate (1.1) is said to be of degree p 
if 
Q(f)=L(f) vf EP: 
where P’f is the set of polynomials of degree Gp. 
The following theorem was stated in [7], for fully symmetric regions. 
Theorem 2.2. A fully symmetric formula to approximate (1.1) is of degree 2t + 1 if 
Q(f) = L(f) vf = ~;~lx;~,. . . x,2’s 
where i, 3 i, 2 . . .3 i, > 0 and ]i] = i, + i, + * * * + i, d t. 
(2.3) 
In [6] it was shown that, when the generating points of Q all lie on US, then the rule will be 
of degree 2t + 1 if it integrates exactly a subset of the set described in Theorem 2.2. To be 
precise: 
Theorem 2.3. Let Q be a fully symmetric formula all of whose evaluation points lie on US. 
Then Q is of degree 2t + 1 for US if 
Q(f) = L(f) vf = ~;~‘x;~z. . . $5 P-4) 
where i, = i, > i, 3 * - * 3 i, 2 0, Ii] s t. (Note that the only distinction between (2.3) and (2.4) is 
the restriction in (2.4) that i, = i2.) 
Basically, the problem of constructing a formula to approximate to (1.1) involves solving 
the system of non-linear equations given by (2.4) for the weights and the generators. Before 
attempting to do so, however, we must postulate a structure for the formula. To help in 
choosing this, we have the idea of consistency constraints, first introduced in [11,15], and also 
developed in [7]. The structure is specified by the number, K[ n] ,of rules of class [n] , for each 
n. Constraints take the form 
where k(n) is the number of free parameters in the rule of class [n], where the sum is over 
subsets of the [n]‘s appearing in the formula, and where the d, are dimensions of certain null 
spaces or intersections of these. For the sphere, these were described in [6] and the set of 
consistency constraints for s = 3 and s = 4 were stated explicitly. Here we shall simply give the 
constraints in tabular form. The problem of finding an optimum rule involves the solution of 
the following integer programming problem: 
Find K[n] 20, to minimize c K[n]k[n] (2.5) 
subject to AK[n] G -d . (2.6) 
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In (2.6) the components of d are the dimensions of the null spaces and their intersection. In 
addition to the constraints in (2.6) there are constraints of the form 
K[n] d 1 (2.7) 
for II = 1,2,3,. . . , 
l/v%, . . . ) 
s, which result from the fact that the only rule of class [n] is (l/m, 
1 /v’Z). In Figs. 1 and 2 we give the three dimensional consistency conditions for 
s = 3, and s = 4 respectively, for odd degree 3 to 17. As an example, consider the constraints 
for a degree 13 rule in s = 3 and for a degree 13 rule in s = 4. In both cases, we will omit 
constraints whose right-hand side is zero, since these are trivially satisfied. 
2.1. Degree 13, s = 3 
Minimize F(K) = 6K[l] + 12K[2] + 24K[l, l] + 8K[3] + 24K[2, l] + 48K[l, 1, l] subject to: 
-1 0 0 0 0 
0 1 0 0 0 
0 0 0 1 0 
-1 -1 -2 -1 -2 
0 0 0 -1 -2 
0 0 -2 0 0 
--6 -12 -24 -8 -24 
112123 
(-1) 0 0 0 1 2 3 
002003 
0” KU1 
0 KPI 
-3 KL 
-3 WI 
_-$ _g 
7 
, 
- 1’ 
1 
11 1 
S -7 . 
11 -3 
1, II_ _-4 
K[ll 
WI K[l, 11 1 2 3 4 5 7 8 10 
N31 <(-1) 0 0 1 1 2 3 4 5 
K[2,11 0000011 2 
K[l, 1, 11 
(2.8) 
Fig. 1. The three dimensional consistency constraints. The columns of the right hand side array give the vectors b 
in inequalities (2.6), for odd degrees 3 to 17. Only the non-trivial inequalities are given. In addition, K[l], K[2] and 
K[3] are all <l. 
t-11 
11212312234 
00012312234 
00200312234 
00000012234 
01202300234 
10212302034 
00000312234 
00002300234 
00012302034 
00200300234 
00200302034 
00000000234 
00000002034 
00202300034 
00000300234 
0.0 0 0 0 3 0 2 0 3 4 
K[ll 
KPI 
K[L 11 
K[31 
K[2,11 
K[L I,11 
K[41 
K[3,11 
K[2,21 
K[2,1,11 
K[l, 1,1,11 
<(- 1) 
1 2 3 5 6 9 11 15 
0 0 1 2 3 5 7 10 
000113 4 7 
000112 3 5 
000113 4 7 
0 0 1 2 3 5 7 10 
000112 3 5 
000001 2 4 
000012 4 6 
000000 0 2 
000000 12 
000000 0 1 
0 0 0 0 0 0 -1 2 
000000 0 2 
000000 0 1 
000000 12 
Fig. 2. The four dimensional consistency conditions. In addition, K[l], K[2], K[3] and K[4] are all ~1. 
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Table 1 
The first three minima given by (2.8) 
Fill VI K[l, 11 M31 KC& 11 
1 1 1 1 1 
1 0 1 0 2 
0 0 1 1 2 
0 0 2 1 1 
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K[l, I,11 F(K) 
0 74 
0 78 
0 80 
0 80 
Here, M is taken initially to be zero, and then, in order to provide successively weaker 
minima, M is taken as the value of F(K) + 1, at the previous minimum. Once a solution (a 
vector K) is found, all solutions giving the same value of F(K) must be obtained. For this 
problem, the first three minima and the values of F are given in Table 1. Note that the third 
minimum gives two distinct structures. 
2.2. Degree 13, s = 4 
Minimize F(K) = 8K[l] + 24K[2] + 48K[l, l] + 32K[3] + 96K[2, l] + 192K[l, 1, l] + 16K[4] 
+ 64K[3, l] + 96K[2,2] + 192K[2,1, l] + 384K[l, 1, 1, l] 
subject to: 
1 0 0 0 0 
0 1 0 0 0 
0 0 0 1 0 
0 0 0 0 0 
-1 -1 -2 -1 -2 
0 0 0 -1 -2 
0 0 -2 0 0 
0 0 0 0 0 
0 -1 -2 0 -2 
-1 0 -2 -1 -2 
0 0 0 0 0 
0 0 0 0 -2 
0 0 0 -1 -2 
0 0 -2 0 0 
0 0 0 0 0 
0 0 0 0 0 
-8 -24 -48 -32 -96 
0 0 0 0 0 d 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 1 0 0 0 0 
-3 -1 -2 -2. -3 -4 
-3 -1 -2 -2 -3 -4 
-3 -1 -2 -2 -3 -4 
0 -1 -2 -2 -3 -4 
-3 0 0 -2 -3 -4 
-3 0 -2 0 -3 -4 
-3 -1 -2 -2 -3 -4 
-3 0 0 -2 -3 -4 
-3 0 -2 0 -3 -4 
-3 0 -2 0 -3 -4 
0 0 -2 0 -3 -4 
-3 0 -2 0 -3 -4 
-192 -16 -64 -96 -192 -384 
WI - 
KPI 
KP, 11 
K[31 
K[2,11 
K[l, I,11 
KL41 
K[3,11 
KP, 21 
KP, 1 11 
_@I, 1,1,1 I_ 
1’ 
1 
1 
1 
-11 
-7 
-4 
-3 
-4 
-7 
-3 
-2 
-4 
-1 
-1 
-1 
-M 
_ 
Once again, M is taken to be zero, initially and then, in order for successively weaker 
minima to be given, is taken to be F(K) + 1, where F(K) is the previous minima. The first 
three minima produce ten structures, given in Table 2. 
3. Calculation of the formulas in three and four dimensions 
The consistency conditions given by Figs. 1 and 2 lead to integer programming problems for 
the structures of the rules. These problems were solved by the routine H02BAF, based on the 
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Table 2 
The first three minima given by (2.9) 
K[l] K[2] K[l, 11 K[31 K[2, 11 K[l, 1, 11 K[41 K[3,11 K[2,‘4 KP, 1, 11 K[l, 1, I,11 W) 
1 1 1 0 1 0 1 1 0 0 0 256 
1 1 1 0 0 0 1 1 1 0 0 256 
1 0 1 1 1 0 1 1 0 0 0 264 
1 0 1 1 0 0 1 1 1 0 0 264 
1 1 1 1 1 0 0 1 0 0 0 272 
0 0 2 0 1 0 1 1 0 0 0 272 
1 1 0 0 1 0 1 2 0 0 0 272 
1 1 1 1 0 0 0 1 1 0 0 272 
0 0 2 0 0 0 1 1 1 0 0 272 
1 1 0 0 0 0 1 2 1 0 0 272 
Gomory algorithm, which is in the NAG library [4]. The optima, and successively weaker 
minima, were obtained easily, and for each value of F(K), an auxiliary routine produced all 
sets of K vectors giving the same value for the objective function. The first five minima, for 
each degree, are shown in Table B. 1 for s = 3, and Table B .2 for s = 4, in Appendix B. The 
minima were computed for degrees 3 to 39, but since formulas are given here only up to 
degree 17 for s = 4, we list only these minima. 
The non-linear moment equations have yet to be solved. These problems were given to 
MXNPACK [5], specifically to the routine HYBRD, a version of Powell’s hybrid method. The 
optimum structures in three dimensions, for degrees 3 to 17, all produced real formulas, each 
with positive weights, except for those of degree 13 and 17. In the former case, the optimum 
structure (which uses 74 points) yields a rule with one negative weight, while the second 
optimum, using 78 points, gives positive weights. (In [8], Lebedev gives the optimum structure 
as requiring 75 points, which must be a misprint). In the case of degree 17, there were two 
optimum structures, one of which produced a negative weight, while the other (which is the 
same as that in [S]) had positive weights. 
The four dimensional formulas for odd degree up to 7 are listed in [193, and are optimal. 
The degree 9 optimum rule is given in [13]. The first three optima for degree 9 produce rules 
with one or more negative weights, but the fourth optimum gives a ‘good’ rule, i.e. one with 
positive weights. It can be shown that no real rules of degree 11 exist for the first two optima, 
but that the third optimum gives a good rule (also given in [6]). 
In Table 3 we list the rule structures and costs, for degrees 3 to 17. The notation of Mantel 
and Rabinowitz, [ll], is used. Each rule is given as 
U,: D-i . j(K,, K2, K3, K4, K,, K,, KY, KS, Kg, K~o, KII) 7 
where D is the degree, i represents the ith optimum, and i represents the lexicographical 
position in the set of equal cost optima. The vector of 11 integers, K,, I = 1, . . . , 11, 
represents the structure, as given in Table 2. Also in Table 3, G indicates a rule with positive 
weights, NG indicates the presence of one or more negative weights. An asterisk denotes that 
the rule is given in closed form in Appendix A. (The rules of degrees 3, 5, 7 are given in 
closed form in [19]). Finally, the second last column, C lwil /1(l), is a measure of the stability 
of the rule; if the rule is good (G) this quantity is 1, otherwise it is greater than 1. It is seen 
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Table 3 
Four dimensional rules of degree 3 to 17. The rules of degree 3, 5, 7 are in [19], while the remainder are given in 
Appendix A 
Rule Tvve cost Name 
u,: 3-1.1(1,0,0,0,0,0,0,0,0,0,0) 
u,: 5-1.1(1,0,0,0,0,0,1,0,0,0,0) 
(I,: 7-1.1(1,1,0,0,0,0,1,0,0,0,0) 
* u,: 9-1.1(1,0,1,1,0,0,1,0,0,0,0) 
* U,: 9-2.1(1,1,0,0,0,0,1,1,0,0,0) 
* u,: 9-3.1(0,1, 1, l,O, 0, l,O, o,o, 0) 
* U,: 9-3.2(1,0,1,0,0,0,0,1,0,0,0) 
* (I,: 9-4.2(1, l,O, l,O,O, O,l, O,O, 0) 
* u,: ll-2.1(1,1,0,1,0,0,1,1,0,0,0) 
u,: 13-1.1(1,1,1,0,1,0,1,1,0,0,0) 
u,: 152.2(1,0,1,1,1,0,1,2,0,0,0) 
U,: 17-2.1(1,1,1,0,1,0,1,3,1,0,0) 
U,: 17-5.2(0,1,2,0,1,0,0,3,1,0,0) 
G 8 1.0 
G 24 1.0 
G 48 1.0 
NG 104 1.17 
NG 112 2.33 
NG 120 2.14 
NG 120 1.14 
G 128 1.0 
G 144 1.0 
G 256 1.0 
NG 328 5.22 
NG 480 1.05 
NG 504 1.17 
us4011 
US4021 
us4031 
us4041 
US4042 
us4043 
us4044 
us4045 
US4052 
US4061 
US4072 
US4082 
US4085 
that in no case is it significantly greater than 1, thus indicating little loss in accuracy due to 
round off error. 
As far as we know, the formulas of degree 11 to 17 for s = 4, are new. 
4. Formulas of degree 3 to 9 in arbitrary dimensions 
The formulas of degrees 3, 5 given in [19] are optimal for all S. The formula given for degree 
7 is not, however, the optimal one, as we now show. A rule of degree 7 is given if we integrate 
exactly 1, x2y2, x2y2z2. A simple calculation of the costs of the various basic rules shows that 
the only ones in contention are: 
[ll, PI7 [L 11, [31> b - 11,b - 1,1l,[sl. 
It follows quite readily that the optimal structure is: 
- for s < 10: [l], [2], [s] which appears in [19]; 
- for s 3 10: [l], [2], [3]. This rule is of the form 
WIB[l] + W,~[l/LCz, l/fi] + W,.CB[l/ti, lfi, l/fi] 
where 
(llv)w, = (38 - 9s + s2)/(4s(s + 2)(s + 4))) 
(1 Iu)w, = 2(5 - s) /(s(s + 2)(s + 4)) , 
(1 lu) wj = 27/(8s(s + 2)(s + 4)) , 
where u is the surface area of US. (This rule appears in [13].) 
The weights wl, wj are always positive, but w2 < 0 for s > 5. However, the sum of the 
absolute values of the coefficients is 
[(Ss’ - 42s + 48) /(s* + 6s + 8)] - u . 
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Thus, even for large s this is d9u , and for 10~ s ~20 the largest it becomes is 5.4~ 
approximately. Note also that the [2] rule disappears when s = 5, but the cost of 90 function 
evaluations is still higher than the cost of the rule U,: 7-l in Stroud, [19]. 
No formula of degree 9 for general s, over U, , is given in [19]. However, in [ 181, 
Sharipkhodzhaeva gives a family of rules of degree 9 for U, and in [13] Mysovskih also 
describes such a family. Because the basic rules require a number of function calls which 
depends on s, it is not surprising that there is no optimum structure for all s. The rules 
proposed in [18] exist as real formulas only for s = 4,5. For s = 4 it coincides with US4041, of 
Section 3. The rules given in [13] are not optimal until s > 12. We now describe two families of 
rules of degree 9 which are optimal for s = 4,5,6,7,8 and for s = 9,10,11,12, respectively. 
A rule of degree 9 needs to integrate only 1, n2y2, x4y4, x2y2z2, and x2y2z2t2. The null space 
consistency conditions leads to structures of the form: 
U9-1. Dl> L 11, [31, bl > 
~9-2. 111, ]L 11, ]S - 13, [s], 
U9-3. M, Lll, [31,[41 > 
u9-4. L 11, 1% 11, bl . 
The structure U9-1 is given in [18], and a real rule exists for s = 4,5 only. The second 
structure, U9-2, has the same cost for s = 4,5, and produces a rule for all s. As far as we can 
tell, this is a new rule, and is given by:. 
usso41: w,L?I?(l) + w2.%(a, p> + w,%(t, t, . . . ) t, 0) + w,.s??(u, u, . . . ) u) ) 
where: 
/.&=I/*; t=llG?; 
cr, p are the positive zeros of x4 - x2 + f ; 
(1 lu) - w4 = (9 - 2s)s3/[2” - (s + 2)(s + 4)(s + 6)] ; 
+ 611; (1 lu) * w3 = (s - 1)4/2”-2 *s * (s + 2)(s + 4)(s 
(1 lu)w2 = 49/[2s(s + 2)(s + 4)(s + 6)] ; 
(llu)w, = (72 - 23s)/[s(s + 2)(s + 4)(s + 6) 
u = 2(Q $))“/T(s/2) . 
I; 
Table 4 
Optimal, degree 9, rule structures for U, 
s Structure cost Reference 
435 [IIT [1,11? [31, ISI 2’ + 2s + 4s(s2 - 1) /3 [I71 4,5,6,7,8 [II, [I, 11, is - 11, isI 2’ + 2”_‘s + 2s(2s - 1) a 
9,10,11,12 [l, 11, [2,11, [sl 2” + 4s(s - 1)’ 213 [llf [I, 11, [31, [41 s(s3 - 4.c + 11s - 5)/3 ;131 
a These are new as far as we can tell. 
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This rule is optimal for 4 < s d 8. The structure U9-3 is the one given in [13], and gives a 
rule for all s, but it is not optimal until s 2 13. For s = 9,10,11,12 the optimum structure is 
U9-4. We were not able to obtain these in closed form, but the rules are listed in Appendix A. 
Table 4 summarizes the structures and costs of the optimal degree 9 rules on U,. 
5. Simplex formulas 
In this section, it will be shown that the structures of rules for the s-dimensional simplex can 
be obtained by means of the theory for the (s + 1)-dimensional spherical surface. The 
constraints imposed by null space arguments will be the same as for the surface of the sphere, 
but the objective function used in seeking the optimum rules will be different. 
Let T,, the s-dimensional simple, be defined by 
x]xEIP,O=ZX~~~, i=l,s, $$xi<l 
i=l 
The s-simplex possesses ymmetries which parallel those of U,,,. 
Lemma 1. Denote by P, the projection operator which maps UP+‘+ R” by dropping the 
(s + 1)th coordinate. Let x,+~ = 1 - X, - x2 - * * . - x,, where (x1, x2, . . . , xs) E T,. Then, for 
all permutations u of (1,2, . . . , s + l), Ps(~,l, x,~, . . . , xms+,) E T,. 
In a manner similar to Definition 2.1 we have: 
Definition 5.1. A quadrature formula of the form 
for T, is said to be simplicially symmetric if whenever a = (a,, a2, . . . , a,) occurs in the 
formula then so does PS(aCI, ao2, . . . , a mS+I), with the same weight, where a,,, = 1 - a, - a2 - 
***-a S) and u is any permutation of (1,2, . . . , s + 1). 
In order to write a simplicially symmetric formula as a sum of basic rules (as we did for the 
surface of the sphere, in Section 2) we define a basic simplex rule, $(a) as follows. 
Let a = (a,, a2, . . . , a,,,), where ai 2 0 and CfL: ai = 1. Then 
where the sum is over all permutations v of (1,2, . . . , s + 1). 
Thus, we may write any simplicially symmetric rule in the form 
Q = 5 ~,,$(a,) . 
i=l 
The structure of a basic simplex rule, $(a), can be represented in the same way as for a fully 
symmetric basic rule. 
@I = (n,, n2,. . . , 
In a similar manner to Definition 2.3, we say that y(u) is of class 
nk) if there are k distinct a, > 0, with a, repeated ni times. Note that we 
160 
here distinguish 
evaluations used 
v[n] = 
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between zero and positive coordinates. Then the number of function 
by B(a) is 
(S + l)! 
. n,!n,! * - - n,!(s + 1 - a,(n))! W) 
In order for a simplicially symmetric rule for T, to be of degree t, it is necessary and 
sufficient that it integrate exactly a subset of all polynomials of degree 8 t. This subset is given 
in the following lemma. 
Lemma 5.2. Let Q be simplicially symmetric. Then Q is a degree t approximation to the 
integral over T, if and only if 
Q(f) = IT f dx 
s 
Vf E span{x~x~. - -x2(1 - x1 - x2 - - - - - x,)zs+llil = i, 2 i, 2 - - .Z=is+l 2 0, i S t} . 
The number of monomials in this set is readily seen to be the same number as given in [3]. 
A consequence of this is that, since 
then the moment equations for a rule of degree t in T, are the same as those for a rule of 
degree 2t+ t in US+i, except for column scaling. Thus, the consistency constraints are the 
same, and only the objective function is different. For example, the consistency constraints for 
a rule of degree 5 in T3 are given by those for a degree 11 rule on U,. Labelling the rules as in 
equations (2.9) we get the constraints: 
K[l] d 1 ) K[2] d 1 ) K[3] S 1 ) K[4] S 1 . 
-11212312234 
00012312234 
00200312234 
00000012234 
01202300234 
10212302034 
00000312234 
00012302034 
while the objective function has coefficients 
[4,6,12,4,12,24,1,4,6,12,24] . 
The minimum point structure is: 
K[3, l] = 2 ) K[2,2] = 1 ) 
KPI a 6 
a21 3 3 
W, 11 1 
ml z 1 
K]2,11 1 
al, 1311 
E 
3 
WI a 1 
K[3, l] Gz _l_ 
K]2,21 
KP, 1,11 
KL 1, i, 11, 
costing 14 evaluations, the rule for which appears in [3]. 
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The structures of the first three optimal rules for T2 are given in Appendix C. The minimum 
point structures for T2 are the same as those derived by Lyness and Jespersen [lo] with slightly 
different notation. In that reference, a six-tuple 
( m,, ml, m*, m3, m4, m5> 
refers to a rule having (m,, m,, m2, m3, m4, m5) rules of class [3], [l], [2], [2,1], [l, l] and 
[l, 1, l] respectively. The structures for the first five optimal rules for T3 are given in [20]. 
It should be noted that the calculation of minimum point structures we have described has 
been for rules applied as single copies (holistically). In [lo], rules are described with minimum 
cytolic point count; i.e. with a minimum point count used compositely. These structures may 
be obtained by using the same integer constraints as for the holistic rules, but with a different 
objective function. For T2 the relevant objective function is 
2f(K) = K, + 3K + 6K3 + 2K, + 6K, + 12K, 
for the cytolically applied rules. 
In [20] tetrahedral rules of degrees 4 to 8 are given. 
Appendix A 
Closed form expressions for the four dimensional formulas of degrees 3 to 11 can be given. 
Those for degrees 3, 5, 7 are in [ 181. The degree 9 and 11 rules are given here. In these 
formulas u = 27r2 is the area of U,. 
US4041. u,: 9-1.1(1,0,1,1,0,0,1,0,0,0,0):104. 
Q = w,$R(l) + w2%(a, p) + w,~(l/ti, l/a, l/G) + w,%($, :, 4, 4) 
where 
(Y, p are the positive roots of x4 - x2 + 3 = 0 ; 
u 49V 27v u 
w1=-96’ w2=3840> w3=2560, w4=75j. 
US4042. U,: 9-2.1(1,1,0,0,0,0,1,1,0,0,0):112. 
Q=w,.?B(l)+ w,~(1/~,1/1/z)+w,~(~, 4, 4, &)+ w~%((Y,(Y,(Y,~) 
where 
P=l/fi, a=l/G; 
w,=7u/480, w,=v/120, w,=-u/24, w4=81u/3840. 
US4043. u,: 9-3.1(0,1,1,1,0,0,1,0,0,0,0): 120. 
Q = w,B(l/fi, liti) + w,B(a, p> + w,%!(l Ifi, 1 Ifi, 1 /fi) 
+ w49qh 4, i, 9 
where CX, p = v(l + qm and w1 = -v/42, w2 = 43*. u/80640, w3 = 
27~12560, w4 = v/120. 
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US4044. U,: 9-3.2(1,0,1,0,0,0,0,1,0,0,0): 120 
where y=~~andS=j/~.Thenw,=~/(122880~y~~6~),and~,~arethe 
roots of x4 - x2 + c = 0, where 
c = (3u/640 - 32(y8 + y4S4)w,)l(u/24 - 32(y4 + 6*y2)wg). 
Finally, w2, w1 are given by the two moment equations 
8a2/3*w2 + 32( y4 + 6*y2)wg = u/24, 8w, + 48w, + 64w, = u . 
US4045. U4:9-4.2(1,1,0,1,0,0,0,1,0,0,0): 128. 
Q = w,%(l) + w,%(l/~, l/a) + w,B(l/ti, 1 /ti, l/fi) + w4.C??(a, cz, (Y, p) 
where 
a=@/-Gz, p*=1-3C12 
and 
w, = t(V- 24w, - 32w, - 64w,), 
w2 = 4(3u/192 - 32a4( Y4 + p”>w, - 16wJ81) ) 
w, = 27/8(u/192 - 16a4(a4 + 3p2)w4), 
w4 = ul(2r3a6p215). 
us4052. u,: ll-2.1(1,1,0,1,0,0,1,1,0,0): 144. 
The optimum rule structure, using 136 points, does not provide a formula, because of non-linear 
dependency among the moment equations. 
Q = w$(l) + w,.%(l/fi, l/fi) + w$(l/ti, l/ti, l/ti) + w4B($, 4, 4, 4) 
+ ws%(a, a, a, P) 
where (Y = 1 /a, p = d/2; 
w,=u/l92, w,=u/120, w3=45u/64, w4=601u/120000, w,=45u/64. 
The rules which we do not have in closed form are now given in tabular form. The notation 
we use is as follows. First NRULE is given, the number of basic rules. Then the rule classes 
are_ listed. Following these, a DATA statement gives the NRULE weights, and a second 
DATA statement gives the appropriate generators. For example, the above rule US4052 
would be listed as: 
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US4052 
NRULE = 5 
DOUBLE PRECISION GEN(6),W(5) 
RULE CLASSES: [l], [2], [3], [4], [3, l] 
DATA WI 
* 0.102808379178013179D + 00, 0.164493406684822568D + 00, 
* 0.138791311890319180D + 00, 0.102808379178014345D + 00, 
* 0.138791311890319111D + 001 
DATA GEN/ 
* 0.100000000000000000D + 01, 0.707106781186547476D + 00, 
* 0.577350269189625787D + 00, 0.500000000000000000D + 00, 
* 0.288675134594812727D + 00, 0.866025403784438805D + OO/ 
The parameters for the other rules which are listed in Table 3 follow: 
US4061 
NRULE = 6 
DOUBLE PRECISION GEN(9),W(6) 
RULE CLASSES: [l], [2], [l, 11, [2,1], [4], [3, l] 
DATA WI 
* 0.443442892758394150D - 01, 0.338540905521501792D - 02, 
* 0.848549258404344975D - 01, 0.858845517846368173D - 01, 
* 0.941726195338530719D - 01, 0.856013960381124539D - 011 
DATA GEN/ 
* 0.100000000000000000D + 01, 0.707106781186547476D + 00, 
* 0.391262752283045107D + 00, 0.920279011319880366D + 00, 
* 0.665214631534509798D + 00, 0.339085517214776866D + 00, 
* 0.500000000000000000D + 00, 0.324779192012412468D + 00, 
* 0.826774110206224072D + 001 
US4072 
NRULE = 7 
DOUBLE PRECISION GEN( 11) ,W(7) 
RULE CLASSES: PI, L 11, [31, [2,11, 141, [3,11, [3,11 
DATA WI 
* 0.767738029067494138D - 01, 0.780460024806293312D - 01, 
*-0.114715267990978953D - 01, 0.445611768373695663D + 00, 
*-0.307874378359381098D + 00, 0.802075912984596961D - 01, 
* 0.142213600995963543D + OO/ 
DATA GEN/ 
* 0.100000000000000000D + 01, 0.84809463 1999728926D + 00, 
* 0.529844784048914912D + 00, 0.577350269189625787D + 00, 
* 0.612372435695794567D + 00, 0.499999999999999889D + 00, 
* 0.500000000000000000D + 00, 0.261116483933552759D + 00, 
* 0.891882585015839432D + 00, 0.540061724867340928D + 00, 
*, 0.353553390593185607D + OO/ 
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US4082 
NRULE = 9 
DOUBLE PRECISION GEN( 15) ,W(9) 
RULE CLASSES; PI, PI,, [L 11, FL 11, [41, [37 11, [3,11, [3,11, [2,21 
DATA WI 
* 0.304176857402689580D - 01, -0.20561675835603351OD - 01, 
* 0.512069480114812972D - 01, 0.446114931076024290D - 01, 
* 0.304176857402716112B - 01, 0.408654203775179947D - 01, 
* 0.408654203775181239D - 01, 0.408654203775193200D - 01, 
* 0.512069480114813588D - Ol/ 
DATA GEN/ 
* 0.100000000000000000D + 01, 0.707106781186547476D + 00, 
* 0.870746168379258167D + 00, 0.491732763045986773D + 00, 
* 0.408248290463863572D + 00, 0.816496580927725479D + 00, 
* 0.500000000000000000D + 00, 0.373001974982025086D + 00, 
* 0.763288005918163370D + 00, 0.568144990450094353D + 00, 
* 0.177858959513954723D + 00, 0.195143015468070724D + 00, 
* 0.941146965432118329D + 00, 0.189506702666637078D + 00, 
* 0.681239465712622089D + OO/ 
US4085 
NRULE = 8 
DOUBLE PRECISION GEN( 15),W(8) 
RULE CLASSES: [2], [l, 11, [l, 11, [2,1], [3,1], [3,11, [3,11, [2,21 
DATA WI 
*-0.682216218137224328D - 01, 0.622743941497683300D - 01, 
* 0.361470706692395682D - 01, 0.446114931076024394D - 01, 
* 0.407277029199988897D - 01, 0.381405963319277376D - 01, 
* 0.375961861693799894D - 01, 0.512069480114813701D - Ol/ 
DATA GEN/ 
* 0.707106781186547476D + 00, 0.575865288661911279D + 00, 
* 0.817544597752522362D + 00, 0.263583055279569253D + 00, 
* 0.964636705174278311D + 00, 0.408248290463863212D + 00, 
* 0.816496580927725840D + 00, 0.410872948550528000D + 00, 
* 0.702531323464075513D + 00, 0.253123696825500691D + 00, 
* 0.898768703458334733D + 00, 0.569538302946030181D + 00, 
* 0.163946224208024460D + 00, 0.189506702666637175D + 00, 
* 0.681239465712622061D + 001 
The rules U9-4, in dimensions 9, 10, 11, 12 follow. 
Dimension 9, degree 9 
NRULE = 3 
DOUBLE PRECISION GEN( 5) ,W( 3) 
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RULE CLASSES: [l, 11, [2, 11, [9] 
DATA WI 
*-0.2910054552558865d - 01, 0.1387810117206630d - 01, 
* 0.1970563529908640d - 011 
DATA GEN/ 
* 0.6328540309092817d + 00, 0.7742711253571800d + 00, 
* 0.4733162847090285d + 00, 0.7429289261150650d + 00, 
* 0.3333333333333333d + OO/ 
Dimension 10, degree 9 
NRULE = 3 
DOUBLE PRECISION GEN(S),W(3) 
RULE CLASSES: [l, 11, [2,1], [lo] 
DATA WI 
*-0.2212450248663501d - 01, 0.8326126348508359d - 02, 
* 0.9264860752205058d - 021 
DATA GEN/ 
* 0.6381990041411607d + 00, 0.7698714380422427d + 00, 
* 0.4790008762043907d + 00, 0.7356060910506736d + 00, 
* 0.3162277660168379d + OO/ 
Dimension 11, degree 9 
NRULE = 3 
DOUBLE PRECISION GEN(SJW(3) 
RULE CLASSES: [l, 11, [2,1], [ll] 
DATA WI 
*-0.1553815695417638d - 01, 0.4858741167113583d - 02 
* 0.4063142925467148d - 02/ 
DATA GEN/ 
* 0.6474439568116024d + 00, 0.7621130643074792d + 00, 
* 0.4845806055052766d + 00, 0.7282604434790339d + 00, 
* 0.3015113445777636d + OO/ 
Dimension 12, degree 9 
NRULE = 3 
DOUBLE PRECISION GEN(S),W(3) 
RULE CLASSES: [l, 11, [2,1], [12] 
DATA WI 
*-0.1029402107237741d - 01, 0.2763509599256689d - 02, 
* 0.1676529704198005d - 02/ 
DATA GEN/ 
* 0.6591409315388325d + 00, 0.7520194361651301d + 00, 
* 0.4899500298184541d + 00, 0.7210394833584302d + 00, 
* 0.2886751345948129d + OO/ 
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Appendix B 
Table B.l 
In Table B.l, a vector of 9 integers is given for each 
consisting of: 
4 i, i, WI, ~[21, K[L 11, K[31, W, 11, K[l, 1, 1 
where, as in Rabinowitz and Mantel [ll]: 
d = degree; 
i represents the ith consecutive minimum; 
Table B.l 
three dimensional rule structure, 
l,K 
d i j K N d i j K N 
3 1 1 100000 6 
3 2 1 000100 8 
3 3 1 010000 12 
3 4 1 100100 14 
3 5 1 1 1 0 0 0 0 18 
5 1 1 1 0 0 1 0 0 14 
5 2 1 1 1 0 0 0 0 18 
5 3 1 010100 20 
5 4 1 001000 24 
5 4 2 000010 24 
5 5 1 1 1 0 1 0 0 26 
7 1 1 1 1 0 1 0 0 26 
7 2 1 100010 30 
7 3 1 0 0 1 1 0 0 32 
7 3 2 000110 32 
7 4 1 010010 36 
7 5 1 1 0 1 1 0 0 38 
7 5 2 100110 38 
9 1 1 1 0 1 1 0 0 38 
9 1 2 1 0 0 1 1 0 38 
9 2 1 1 1 0 0 1 0 42 
9 3 1 0 1 1 1 0 0 44 
9 3 1 0 1 0 1 1 0 44 
9 4 1 0 0 1 0 1 0 48 
9 4 2 000020 48 
9 5 1 111100 50 
9 5 2 1 1 0 1 1 0 50 
11 1 1 1 1 0 1 1 0 50 
11 2 1 1 0 1 0 1 0 54 
11 2 2 100020 54 
11 3 1 001110 56 
11 3 2 000120 56 
11 4 1 0 1 1 0 1 0 60 
11 4 2 010020 60 
11 5 1 101110 62 
11 5 2 1 0 0 1 2 0 62 
11 5 3 1 0 0 1 0 1 62 
13 1 1 111110 74 
13 2 1 1 0 1 0 2 0 78 
13 3 1 002110 80 
13 3 2 001120 80 
13 4 1 0 1 1 0 2 0 84 
13 5 1 102110 86 
13 5 2 101120 86 
13 5 3 1 0 1 1 0 1 86 
13 5 4 100111 86 
15 1 1 1 0 1 1 2 0 86 
15 2 1 1 1 1 0 2 0 90 
15 3 1 011120 92 
15 4 1 002020 96 
15 4 2 0 0 1 0 3 0 96 
15 5 1 1 1 1 1 2 0 98 
15 5 2 1 1 1 1 0 1 98 
15 5 3 110111 98 
17 1 1 1 0 1 1 3 0 110 
17 1 2 1 0 2 1 2 0 110 
17 2 1 1 1 1 0 3 0 114 
17 3 1 0 1 2 1 2 0 116 
17 3 2 011130 116 
17 4 1 0 0 2 0 3 0 120 
17 4 1 001040 120 
17 5 1 112120 122 
17 5 2 1 1 1 1 3 0 122 
17 5 3 1 1 1 1 1 1 122 
17 5 4 110121 122 
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j represents the jth structure giving the ith minimum; 
K are the rule structure parameters; 
N is the cost of the rule. 
Table B.2 
In Table B.2, a vector of 15 integers is given for each four-dimensional rule structure, 
consisting of: 
4 4 i, KM, KM, ML 11, K[3], K[2,1], K[l, 1, 11, K[4], K[3,1], K[2,2], 
K[2,1,11, K[L 1,1,1], N, 
where d, i, j, K, and N are as in the previous table. 
Table B.2 
d i i K N 
3 1 1 1 0 0 0 0 0 0 0 0 0 0 8 
3 2 1 0 0 0 0 0 0 1 0 0 0 0 16 
3 3 1 0 1 0 0 0 0 0 0 0 0 0 24 
3 3 2 1 0 0 0 0 0 1 0 0 0 0 24 
3 4 1 1 1 0 0 0 0 0 0 0 0 0 32 
3 4 2 0 0 0 1 0 0 0 0 0 0 0 32 
3 5 1 1 0 0 1 0 0 0 0 0 0 0 40 
3 5 2 0 1 0 0 0 0 1 0 0 0 0 40 
5 1 1 1 0 0 0 0 0 1 0 0 0 0 24 
5 2 1 1 1 0 0 0 0 0 0 0 0 0 32 
5 3 1 1 0 0 1 0 0 0 0 0 0 0 40 
5 3 2 0 1 0 0 0 0 1 0 0 0 0 40 
5 4 1 0 0 1 0 0 0 0 0 0 0 0 48 
5 4 2 1 1 0 0 0 0 1 0 0 0 0 48 
5 4 3 0 0 0 1 0 0 1 0 0 0 0 48 
5 5 1 1 0 1 0 0 0 0 0 0 0 0 56 
5 5 2 0 1 0 1 0 0 0 0 0 0 0 56 
5 5 3 1 0 0 1 0 0 1 0 0 0 0 56 
7 1 1 1 1 0 0 0 0 1 0 0 0 0 48 
7 2 1 1 0 0 1 0 0 1 0 0 0 0 56 
7 3 1 1 1 0 1 0 0 0 0 0 0 0 64 
7 3 2 0 0 1 0 0 0 1 0 0 0 0 64 
7 4 1 1 0 1 0 0 0 1 0 0 0 0 72 
7 4 2 0 1 0 1 0 0 1 0 0 0 0 72 
7 4 3 1 0 0 0 0 0 0 1 0 0 0 72 
7 5 1 0 0 1 1 0 0 0 0 0 0 0 80 
7 5 2 1 1 0 1 0 0 1 0 0 0 0 80 
7 5 3 0 0 0 0 0 0 1 1 0 0 0 80 
9 1 1 1 0 1 1 0 0 1 0 0 0 0 104 
9 2 1 1 1 0 0 0 0 1 1 0 0 0 112 
9 3 1 0 1 1 1 0 0 1 0 0 0 0 120 
9 3 2 1 0 1 0 0 0 0 1 0 0 0 120 
9 4 1 1 1 1 1 0 0 1 0 0 0 0 128 
- 
168 
Table ES.2 (continued) 
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d i i K 
9 4 2 1 1 
9 4 3 0 0 
9 5 1 0 1 
9 5 2 1 0 
9 5 3 0 1 
11 1 1 1 0 
11 2 1 1 1 
11 3 1 1 0 
11 3 2 0 1 
11 4 1 1 1 
11 4 2 0 0 
11 4 3 1 1 
11 5 1 1 0 
11 5 2 0 1 
11 5 3 1 0 
11 5 4 0 1 
13 1 1 1 1 
13 1 2 1 1 
13 2 1 1 0 
13 2 2 1 0 
13 3 1 1 1 
13 3 2 0 0 
13 3 3 1 1 
13 3 4 1 1 
13 3 5 0 0 
13 3 6 1 1 
13 4 1 1 0 
13 4 2 0 1 
13 4 3 1 0 
13 4 4 1 0 
13 4 5 0 1 
13 4 6 1 0 
13 5 1 0 0 
13 5 2 1 1 
13 5 3 1 1 
13 5 4 0 0 
13 5 5 1 1 
13 5 6 0 0 
13 5 7 1 1 
13 5 8 1 1 
13 5 9 0 0 
15 1 1 1 1 
15 1 2 1 1 
15 2 1 1 0 
15 2 2 1 0 
15 3 1 1 1 
15 3 2 0 0 
15 3 3 1 1 
15 3 4 0 0 
15 4 1 1 0 
- 
0 
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1 
0 
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1 
1 
1 
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1 
1 
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1 
1 
2 
1 
0 
1 
1 
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N 
0 
1 
0 
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128 
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136 
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144 
152 
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160 
160 
160 
168 
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168 
256 
256 
264 
264 
272 
272 
272 
272 
272 
272 
280 
280 
280 
280 
280 
280 
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288 
288 
288 
288 
288 
288 
288 
288 
320 
320 
328 
328 
336 
336 
336 
336 
344 
Table B.2 (continued) 
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d i i K N 
15 4 2 0 1 1 1 1 0 1 2 0 0 0 344 
15 4 3 1 0 1 0 1 0 0 3 0 0 0 344 
15 4 4 1 0 2 0 0 0 1 2 1 0 0 344 
15 4 5 0 1 1 1 0 0 1 2 1 0 0 344 
15 4 6 1 0 1 0 0 0 0 3 1 0 0 344 
15 5 1 1 1 1 0 2 0 1 1 0 0 0 352 
15 5 2 0 0 2 1 1 0 0 2 0 0 0 352 
15 5 3 1 1 1 1 1 0 1 2 0 0 0 352 
15 5 4 0 0 1 0 1 0 1 3 0 0 0 352 
15 5 5 1 1 1 0 1 0 1 1 1 0 0 352 
15 5 6 0 0 2 1 0 0 0 2 1 0 0 352 
15 5 7 1 1 1 1 0 0 1 2 1 0 0 352 
15 5 8 0 0 1 0 0 0 1 3 1 0 0 352 
17 1 1 1 0 2 1 1 0 1 2 1 0 0 472 
17 2 1 1 1 1 0 1 0 1 3 1 0 0 480 
17 3 1 0 1 2 1 1 0 1 2 1 0 0 488 
17 3 2 1 0 2 0 1 0 0 3 1 0 0 488 
17 3 3 1 0 2 0 0 0 0 3 2 0 0 488 
17 4 1 1 1 2 1 1 0 1 2 1 0 0 496 
17 4 2 1 1 1 1 1 0 0 3 1 0 0 496 
17 4 3 0 0 2 0 1 0 1 3 1 0 0 496 
17 4 4 1 1 1 1 0 0 0 3 2 0 0 496 
17 4 5 0 0 2 0 0 0 1 3 2 0 0 496 
17 5 1 1 0 2 1 2 0 1 1 1 0 0 504 
17 5 2 0 1 2 0 1 0 0 3 1 0 0 504 
17 5 3 1 0 2 0 1 0 1 3 1 0 0 504 
17 5 4 0 1 1 1 1 0 1 3 1 0 0 504 
17 5 5 0 1 2 0 0 0 0 3 2 0 0 504 
17 5 6 1 0 2 0 0 0 1 3 2 0 0 504 
Appendix C 
In Table C.l, a vector of 9 integers is given for each triangle rule structure, consisting of: 
4 4 i, WI, WI, W, 11, K[31, K[Lll, ML 1, 11, N, 
where these are described in Table B.l. 
Table C.l 
d i j K N d i i K N 
1 1 1 000100 1 6 3 10 010002 15 
1 2 1 100000 3 6 3 11 000012 15 
1 2 2 0 1 0 0 0 0 3 71 1 000121 13 
1 2 3 000010 3 72 1 001030 15 
1 3 1 1 0 0 1 0 0 4 72 2 1 0 0 0 2 1 15 
1 3 2 0 1 0 1 0 0 4 72 3 0 1 0 0 2 1 15 
1 3 3 000110 4 72 4 0 0 0 0 3 1 15 
170 
Tabfe C. 1 (continued) 
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d i j K N di j K N 
2 1 1 000010 3 7 2 5 000012 15 
2 2 1 100100 4 7 3 1 1 0 1 1 2 0 16 
2 2 2 010100 4 7 3 2 011120 16 
2 2 3 000110 4 7 3 3 001130 16 
2 3 1 110000 6 7 3 4 1 1 0 1 1 1 16 
2 3 2 OOlOOO 6 7 3 5 001111 16 
2 3 3 100010 6 7 3 6 100121 16 
2 3 4 010010 6 7 3 7 0 1 0 1 2 1 16 
2 3 5 000020 6 7 3 8 000131 16 
2 3 6 000001 6 7 3 9 100102 16 
3 1 1 000110 4 7 3 10 010102 16 
3 2 1 100010 6 7 3 11 000112 16 
3 2 2 010010 6 8 1 1 000131 16 
3 2 3 000020 6 8 2 1 001040 18 
3 2 4 000001 6 8 2 2 100031 18 
3 3 1 110100 7 8 2 3 010031 18 
3 3 2 001100 7 8 2 4 000041 18 
3 3 3 100110 7 8 2 5 000022 18 
3 3 4 0 1 0 1 1 0 7 8 3 1 1 0 1 1 3 0 19 
3 3 5 000120 7 8 3 2 0 1 1 1 3 0 19 
3 3 6 000101 7 8 3 3 001140 19 
4 1 1 000020 6 8 3 4 1 1 0 1 2 1 19 
4 2 1 100110 7 8 3 5 001121 19 
4 2 2 010110 7 8 3 6 100131 19 
4 2 3 000120 7 8 3 7 0 1 0 1 3 1 19 
4 2 4 000101 7 8 3 8 000141 19 
4 3 1 110010 9 8 3 9 100112 19 
4 3 2 001010 9 8 3 10 010112 19 
4 3 3 100020 9 8 3 I1 000122 19 
4 3 4 010020 9 8 3 12 000103 19 
4 3 5 000030 9 9 1 1 000141 19 
4 3 6 100001 9 9 2 1 100041 21 
4 3 7 010001 9 9 2 2 010041 21 
4 3 8 000011 9 9 2 3 000051 21 
5 1 1 000120 7 9 2 4 000032 21 
5 2 1 100020 9 9 3 1 1 1 0 1 3 1 22 
5 2 2 010020 9 9 3 2 001131 22 
5 2 3 000030 9 9 3 3 100141 22 
5 2 4 000011 9 9 3 4 010141 22 
5 4 1 1 1 0 1 1 0 10 9 3 5 000151 22 
5 3 2 0 0 1 1 1 0 10 9 3 6 1 0 0 1 2 2 22 
5 3 3 100120 IO 9 3 7 010122 22 
5 3 4 010120 10 9 3 8 000132 22 
5 3 5 000130 10 9 3 9 000113 22 
5 3 6 100101 10 10 1 1 000042 24 
5 3 7 0 1 0 1 0 1 10 10 2 1 0 0 1 1 4 1 25 
5 3 8 000111 10 10 2 2 1 0 0 1 3 2 25 
6 1 1 000021 12 10 2 3 010132 25 
6 2 1 0 0 1 1 2 0 13 10 2 4 000132 25 
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Table C. 1 (continued) 
d i j K N di j K N 
6 2 2 100111 13 102 5 000123 25 
6 2 3 010111 13 103 1 101041 27 
6 2 4 000121 13 103 1 0 1 1 0 4 1 27 
6 2 5 000102 13 103 2 001051 27 
6 3 1 1 0 1 0 2 0 15 103 3 1 I 0 0 3 2 27 
6 3 2 011020 15 103 4 001032 27 
6 3 3 001030 15 103 5 100042 27 
6 3 4 1 1 0 0 1 1 15 103 6 010042 27 
6 3 5 001011 1.5 103 7 000052 27 
6 3 6 100021 15 103 8 100023 27 
6 3 7 010021 15 103 9 0 1 0 0 2 3 27 
6 3 8 000031 15 10 3 10 000033 27 
6 3 9 1 0 0 0 0 2 15 10 3 11 000014 27 
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